MysununaabHbIil 3Tan Becepoccniickoii otuMmaabl M0 MaTEMATUKE
2018-2019 yu.ron
8 kJacc
Pemenns n orseTn

1. B Tabmumne 3 X 3 paccrasbre umcaa 3, 4, 5, 6, 7, 8,9, 10, 11 Tak, 9To0Ob Ipom3-
BeJICHHE YHCe/T B IEePBOM CTOJIONE PABHSIOCH Obl IMPOM3BEJICHUIO UUCET B IEPBOit
CTPOKE, IIPOU3BEIEHNAE YHUCET BO BTOPOM CTOJIONE PABHSIOCH ObI IIPOU3BEICHUIO UH-
CeJI BO BTOPOW CTPOKE M HMPOU3BEIEHHE YHCET B TPEThEM CTOJIONE PABHSIIOCH OB
MPOU3BEIEHNUIO YHCE B TPEThell CTPOKE.

Pewenue.

4 10|11

Jocrarouno npuBectu TpedyeMyo paccTaHOBKY. [[puHnunmaj bHbIM SB/IsI€TCs pa3-
Mmerenne 7, 9, 11 va aunaronaan. Bo3aMoyKHbBI COOTBECTBYIOIIHE TEPECTAHOBKH CTOJI0-
OB U CTPOK.

Omeem. Cwm. puc.

2. CymecrBytor i 2018 nap HATypaJbHBIX YUCe (T;Y), KOTOPbIE OJIHOBPEMEHHO Y10~
BJIETBOPSIOT YCJIOBUAM: 1) B KayKJIOi Hape & U Y He COBIAJAIOT; 2) B KaxKJ0ii cJie-
JIyIoleit mape 4ucjao x Ha 1 OoJbIe Yucaa T MpeablayIneil maphl; 3) B KaxKJIOu
caenyionedi nape 4ucjao y Ha 1 6oJiblie qucsia Y npeiplayieii napsl; 4) B Kazkioi
nape & JIeJINTCs Ha Y7
Pewenue. Takue mapsl cymiecTByoT. /locTaTouHO NMpUBECTH MPUMED.

(2018! + 15 1), (2018! + 2 2), (2018! + 3;3), ..., (2018! 4 2018; 2018)

Omeem. CymiecTByIoT.

3. B tpeyronpauke ABC yron A pasen «, BC — nanMmenbIas cTopoHa. Ha cropone
AB ormeuena Touka P u ma cropone AC ormeuena touka () Tak, uro PB =
BC = CQ. Orpesku BQ u CP uepecekaiorcss B Touke M. Hajiaure Bejuuuny

yruia BMC.
Pewenue.

Tpeyronpauku PBC' u (Q BC' — paBHOOeIpeHHBIE, COOTBETCTBYOIIIE CTOPOHBI OT-
MedeHbl Ha pucynke. Obosuadynm yrisl: ZQBC = Z/BQC = x, /PBC = /BPC =
y, LZABQ = z, ZACP = v. llo cBoiicTBy BHEIIHErO yrjia, IPUMEHEHHOMY K Tpe-

yroabaukam ABQ u APC),
a+z=ux,
a—+v=y.



Hanumewm cymmy yrios rpeyrosbauka ABC

a+z+x+y+ov=180°

N3 cucrembr Boipasum 2z + v.

z+v=2+y— 2«

1
Otzcrona o + 2x + 2y — 2a = 180°, = +y = 90° + 504.

Haxomum nckomblit yroJ

1
LBMC =180° — (2 +y) = 90° — a

Omeem.90° — §a.

Qupma Ha3bIBAETCS IyOJUYHON, €C/Iu ee aKIUIMU BjajieeT He MeHee 15 akmuone-
poB. Aximmonep (pupMBl HA3BIBAETCS MUHOPUTAPHWEM, €CJIUM OH BJajeeT He OoJee,
geMm 25% axnuii 3Toit dbupmbl. Ha 6upzke, rie Ipoxoadar TOPru akiUgaMu, HIecTast
JacTb bupM — nyomaHbie. JloKazkuTe, ITO Cpeu BceX aKIMOHEPOB, YIACTBY IONUX
B Toprax Ha Oupzke, He menee 20% — munopurapuu. [Ipu nposejgenun GuprKeBbIX
TOPrOB CUYUTAETCs, YTO KaXK/IbIil aKIMOHED BJIaJEeT aKIUsIMH TOJbKO OJHOM (bup-
MBI.

Pewenue. Ilycts ancio oupm ma 6upke paBuo N. Hazoem aximonepa, KOTOpbIii
Baageer 6omee, yeM 25% axnuii (pupMBI, HACTOAIMM aKIHOHEPOM. HCI0 HACTO-
SIIUX AKIIMOHEPOB OJIHON (bupmbl He MOzker ObiTh Oosiee Tpex. (Eciu ux uersepo,
TO KaKOMY-TO OJHOMY M3 HUX He MOKer Jocrarbes 6osee 25% axumit). Tlosromy
YUCJIO BCEX HACTOSIIUX aKIMOHEPOB Ha OUpke He MoxkeT npesbimarh 3N. Ternepb
paccmorpuM nyonununyo ¢gpupmy. Cpen ee akHOHEPOB — He 0oJiee TpexX HACTO-
MUX. 3HAYHUT, CPeJIU aKIUOHEepOB MyOImIHOi (pUpMBbI He MeHee 12 — MUHOPUTAPHUHN.

Yuco MmuHopuTapueB Ha Oupzke He Menee, yem 12 - EN’ T.e. He Menee 2N. raxk,

4UCJI0 MUHOpUTapueB He MeHee 2N, 4MCJI0 HACTOSIIUX aKIHOHepoB He Oosiee 3N,
3HAYUT, MUHOPUTAPUYU COCTABJISAIOT HE MEHee OJHON 1aAToi, T.e. He Menee 20%.

MozkeT Jin KBaJpaT KaKOTO-HHOYIb HATYPAJIbHOIO YUCIa OKA3aThCS HANMEHBITHM
OOIIUM KPATHBIM JBYX MOAPSA UAYIUX HATYpaabHBIX dncen’ ObocHyiiTe cBoil 0T-
BET.

Pewenue. Her, HOK moapsta mayimux dncesr He MOXKeT 0Ka3aThCs KBaIPATOM HATY-
PAJILHOIO YhCJa. 3aMeTUM, UTO JABa HOAPII UAYIMUX IUCAA, 1 U N + 1, SBISIOTCSI
B3aUMHO MPOCTBIMA. (DTOT (haKT CUATAETCS M3BECTHBIM, U MPH HEOOXOAUMOCTH
JIOKa3BIBAETCS TaK: €CJH N uMeeT aeautenb d, d > 1, To n + 1 He MOXKeT UMeTh



Jenutens d, Tak Kak 1 He jenutcst Ha d.) [1o3ToMy BCe TPOCTHIE YUCIA, BXOJISIITE
B Pa3J/I0’KEHUE N Ha HPOCTble MHOXKHUTE/IU, HE MOI'YT BXOJIMTh B pa3Jjioxenue n + 1,
u naobopor. 3uaunt, HOK(n,n + 1) pasen npoussegenuto n - (n + 1). Eciau 6ol
HOK 6wt 661 paBeH KBaapaTy Kakoro-anbo 9Yucja, TO BCe MPOCTHIe MHOXKHUTEIH,
Bxojgamue B HOK, Bxoauiu 661 B 4eTHOi crenenu. [ToaTomy Kazkaoe u3 duces n u
n + 1 aBiasaa0ch OBl KBAJIPATOM, a 3TO HEBO3MOYKHO — JBYX TOAPS/ WYX KBAI-
patos He cymecrsyer. ([eficrBurensno, B pasaoxkenuun x2 —y* = (r —y)(x +y) 10
KpaiiHeil Mmepe OJIuH MHOYKHTEJIb DOJIbIIE 1.)

Omeem. He moxer.



MysununaabHbIil 3Tan Becepoccniickoii otuMmaabl M0 MaTEMATUKE
2018-2019 yu.ron
9 kJacc
Pemenns n orseTn

1. Cama, zKensa u Bajig cuagar 3a TpeyroJbHBIM CTOJIOM, KOTOPBIHl pacdepyeH Ha
MaJieHbKHe TPeyTroJbHUUKH, KaK IMOKAa3aHO Ha PUCYHKE.

Onu 3anosasior Bce Tpeyrosbandkn umcjaamu -1 u 1. Ilocie 3anosienust Bcex
TPEYTOJbHUYKOB OHM BBIYHUCSIOT MPOW3BEIEHNs YNCeN, CTOSIINX B CBOUX TOPH-
30HTATBHBIX PAJIAX U CKJIAJbIBAIOT TOJIYUYUBIIHeCs Tpu3Beenus. (Y KazkI0ro de-
JIOBEKA, CUJLAIIETO 3a CTOJIOM, CBOE COOTBETCTBYIOIIee HAIlpaBJeHNe TOPU30HTATN
— IapaJuleJIbHOE CTOPOHE CTOJIA, OOpAIeHHOI K cujsiiemy ). Moxker i oK3aTbhes,
9TO MpH Kakoii-ro paccranoBke -1 u 1 Cama noayaur B cymme 4, 2Kens: nosryuanr
B cymme -4, a Bajs momyuur B cymwme 07

Pewenue. Onaa 3 BO3MOXKHBIX PACCTAHOBOK IOKa3aHa Ha pucyHke. Heobxommmo

paccTaBuTh -1 Tak, 4TOOBI 110 OJIHOMY HAIPABJIEHUIO B KaXKJIOM Psi/ly OHU BCTpeda-
JINCH OBl 9eTHOE YUC/I0 Pas3, 10 BTOPOMY HAIPaBJICHUIO B KaxKIOM psay -1 BCTpe-
YJaJuch Obl HEYETHOE YHCI0 pa3, II0 TPeThbeMy HAIPaBIEHHIO B JBYX CTPOKax -1
CTOSLTH OBl YeTHOE YUCJIO pa3, U B JBYX CTPOKAX — HEYETHOE YHCJIO pas.

Omeem. Moxer.



2. Ilycthb a, b, ¢ — monoxuTenbHBIE Yncaa. /loKaxKuTe HEpaBEHCTBO

1+1+1> 1+1+1
2 2b 2¢ " a+b b+c cHa

Pewenue. Bocriosib3yemcst HepaBeHCTBOM MEK/IY CPeIHUM apudMeTHIeCKOM U CPe/I-
HOM TapMOHHYEeCKHM. VI3BECTHO, UTO /i HOJIOZKUTETbHBIX T, i BBIIOJIHIETCS
T + 2
7>
2 +

8=

1
Y

1 1
B namniewm ciiydae 110 ouepe/iu npuMeHsieM 310 HEPABEHCTBO K IapaM <x =—y=-);
a

( 1 1) ( 1 1)
T=y=— (=YY=
b c c a

1 1
a b> 2
2 T a-tb
1+1
b C> 2
2 T b+tec
1+1
C CL> 2
2 “c+a
CJ102KMM 9TH TPH HEPABEHCTBA,
1 1 1+1 1+1
a b,b c,c a 2 2 2
>
2 + 2 + 2 _a+b+b+c+c+a

Ocraercs nojesntb 00e 4acTH HEPABEHCTBA HA 2

1+1+1> 1 . 1 n 1
20 2b 2¢c " a+b b+c cHa

HepaencTBo nokazano. OHO 1MOJIy4e€HO KaK CJIeJACTBHE HEPABEHCTBA O CPEIHHUX.

3. OkpyzxkHOCTH pajuyca 26 Kacaercs JIBYX CMEZKHBIX CTOPOH IPSMOYTOJIbHUKA, JI/TU-
bl KoTOpbIX — 36 u 60. Haitiiure, Ha Kakue OTpe3KH OKPYKHOCTH JIEJTUT CTOPOHBI
MPSMOYTOJTHHUKA.

Pewenue.

3aMeTuM, ITO PaIRyc OKPY:KHOCTH OOJIbIIE TMOJOBAHBI KOPOTKO# CTOPOHBI MIPAMO-
YIOJIbHUKA, & JJUAMETP OKPYKHOCTU MEHBIIE ero JJIMHHONR CTOPOHBI. DTO 03HAYAET,
9TO OKPYKHOCTH MePeceKkaeT JIMHAY0 CTOPOHY HMPSIMOYTOJIbHUKA, TTPOTHBOMOIOK-
HYIO Kacaloreiics, B JIByX TOYKaX, U He [epeceKaeT BTOPYIO KOPOTKYIO CTOPOHY.
Ob6o3navenne Touek mokaszano Ha pucyuke. Touku K u M — Touku KacaHus, paju-
yeol OK n OM nepneHIuKyIsipHBI CTOPOHAM HPSAMOYTOIbHEKA. Tak kak BMOK
— kBajpar, 1o orpesku BM n BK pasubt 26. B tpeyrossuuke O LH w3BecTHbI /B
croponbl — runoreny3a OL pasna 26 u karer OH pasen 10. [To Teopeme TlTudaro-
pa naxoauMm Karer LH, on pasen 24. Orcrona orpe3ok AL pasen 2, u orpe3ok LP
paBer 48. OKpyzKHOCTH JAeJUT cTOpoHy AD Ha oTpesku jiuHO 2, 48, 10.
Omeem. 26 u 34; 26 u 10; 2, 48 u 10.



4. Pemure ypasuenne n* — 2n% = m? + 38, rae n, m — ueJble 4ucIa.
Pewenue. Ilpubasum 1 K jieBoit u 1paBoii 4acTu ypaBHEHUS.

n*—2m?+1=m?+39
CBepHeM KBaJpaT Pa3sHOCTH, HEPEHECEM m? B JIEBYIO 9aCTh M Pa3JI0XKUM ee Ha,

MHOZKUTEJIN.
(n* —1)*> = m? =39

(n*—1-—m)-(n*—1+m) =39

I[ToyuaeM BOCeMb BO3MOXKHOCTEil, KOTOpEIe 0hOPMIM B BHJIE CHCTEM ypaBHEHMl
n?—m—1=39, nf—m-1=1, n?—m—1=13, n—m-—1=3,
n?+m—1=1, n?4+m—1=39, n?+m—1=3, n?+m—1=13,

n?—m—1= -39, n?—m-—1= -1, n?—m—1=—13, n?—m-—1= -3,
n+m-—1=-1, n*+m—1= -39, n*+m-—1=-3, n*+m—1=-13.
IToxazkeMm, KaK COKPaTHTh IpeoOPa30BaHUs U N30e7KaTh PelleHns BOCHMH CHCTEM.

[Iycth @ u b — jaBa mesbIX HapHbIX Jeaureid duciaa 39, r.e. ab = 39.

n?—m-—1=aq, )

W3 kaxx10#l cucrembl MOXKHO BBIPA3HTH N°, CJI0KHUB JIBA yPaB-
n24+m-—1=25% ’
)

HEeHUudA
5 a+b

2

OuesuaH0, OTpULIATEIbHBIE HapHl @, b He jaoT pemenuit as n?. Beero, ¢ yuerom
CUMMETPUIHOCTH, CyImecTByer aBe mapel @ = 1, b = 39 u a = 3, b = 13. Ilepsas
napa npusoauT K n? = 21, Bropas mapa mnpusoauT K n® = 9. 3mauenue 21 we
IpUBOAUT K 1eomy n. [logctasum n? = 9 B HCXOAHOe ypaBHEHHe, HOJTYIHM M2 =
25, m = +5. n? = 9 npuBoaUT K n = %3, BEIGOP N HE 3aBHCHT OT BHIOOpA M.
Omeem. (—5;—3), (=5;3), (5; —=3), (5; 3).

n +1

5. IIpo Tpm pasaMYHBIX MEJLIX YHUCTAA T, Y, 2 W3BECTHO, 9TO Ty AeTuTcd Ha 576, yz
nenurest Ha 324, xz penurcs wa 5184. demurea mu (x — y)(y — 2)(z — x) ma 487
Pewenue.

576 = 26 .32, 324 = 22.3%, 5184 = 26. 3% IIpencrasum umcia z, y, 2 B BUje
pa3JIoyKeHUs Ha MPOCTble MHOXKUTE/IHM, BBIJEIUB CTeleHu 2 u 3.
r=umxz- 283,



Y=Y~ 2m . 3n,
— S t
z=2zp-2°-3,
Zo, Yo, 2o He JiejiaTcsd nu Ha 2, uu "Ha 3. [losiyuum monapubie npousBe/ieHus
Ty = xoyp - 28T - 3,
Yz = Yoz - 2™ - 3
Tz = T2 - ok+s | 3l+t’
YeisioBue 3ala4u HPUBOJIUT K JIBYM CUCTEMAM HEPABEHCTB, OJIHOW Jijid cTeleHei 2
U BTODOIit Jj1s cTeneneit 3.

k+m > 6, l4+n>2,
m+s > 2, n+t>4,
k+s>6, l+t>4

[Tokazareau creneneii — HeOTPUIATEILHBIE IeJble Ynucaa. [lepBas cucremMa JOIMyc-
KaeT JiBa ciaydas. [lepBbiit ciiydaii — B HepaBeHCTBE M+ S > 2 0jiHA U3 IEPEMEHHbIX
pasua 0, manpumep, s. Torma m > 2, k > 6. [Ipu takux 3navenusx k — s > 6, u
(r—2) nemurcs na 2° (mam gocrarouno gesumoctn na 21). Bropoii ciyuaii — B Hepa-
BEHCTBE M+ S > 2 Ipo 00e ImepeMeHHbIX MOXKHO CKa3aTh TOJIbKO, 4To m > 1, s > 1.
DT0 3HAYNUT, YTO KAZK/asl U3 BEJTUUUH X, Y, 2 JeJuTcsd Ha 2. Eciu aBe u3 sTux mepe-
MHHBIX JesiaTes Ha 4, npoussesenne (x —1y)(y — 2)(z — x) nemurea na 2*. Ocraercs
paccmorperh m = 1, s = 1. JlesqumMocTh KazKja0#l U3 NEpEeMEHHbIX T, Y, 2 Ha 2
IPUBOJIUT K JIEJTUMOCTU [POM3BEJIeHNs TUX CKOOOK Ha 8. BoiHecem 2 3a ckoOKy
B pasnoctu (r — z). OcTaercsd pasHOCTD JIBYX HEYETHBIX YUCE/I, OHA Y€THA W JIaeT
4eTBepTYIO JIBOHKY. VlTak, Bo Beex caydaax (x — y)(y — z)(z — x) penurca na 16.
JIoKazKeM JeMUMOCTh 3TOrO MPOM3BEJICeHHd Ha TPH, PACCMOTPEB BTOPYIO CHCTEMY
nepasencts. [Ipu [ nim n, pasaom 0, Bropas u3 3TUX NEPEMEHHBIX HE MEHbIIE 2,
t He menbIe 2, u pasHoctb (z — y)(y — 2)(z — ) mennrest va 9. Ecam vn oqpa u3
nepeMeHHX [, n, t He paBHa 0, TO KazK/as U3 NEPEMEHHBIX T, Y, 2 JeJUTCH Ha 3,
u npoussenenne (r — y)(y — 2)(z — ) gemurca wa 3. TeM caMbiM JJOKa3aHO, UTO
npoussesenne (v —y)(y — z)(z — x) genurcs Ha 48.

Omeem. Jennrcs.



MysununaabHbIil 3Tan Becepoccniickoii otuMmaabl M0 MaTEMATUKE
2018-2019 yu.ron
10 xyacc
Pemenns n orseTn

1. Ha mocke mammcana rtabsuna, comepzkamiag 100 crosbmnoB m 2 crpoku. Carmia u
ZKenst mo odepean 3amoJHLAIOT 10 OJHON KJieTKe TaOJHIbI, BOUCHIBag —1 wian 1.
[Tepsoiit xox genaer Cama. ITocae Toro, Kak radb/auna HOJHOCTHIO 3al0JIHEHA, JIJIs
KazKJI0it CTPOKM BBIUMCISAIOTCS Tpon3Bejienns Beex 100 auces, cTogmumx B 3TOI cpo-
Ke. AHAJIOTUYIHO TSt KayKIOTO CTOJIOIA BBHIYUCISIIOTCS TPOU3BEICHUST IBYX TUCET,
crodamux B 3ToM crosone. Moxker qm 2KeHs ge1arhb cBOM XOIBI TAaKUM 00Pa3oM,
9TOOBI B 3aMOJTHEHHOI TaOIUIEe CyMMa BBIYUCTEHHBIX TPOU3BEIEHUIT YICeJT B CTPO-
KaX PaBHAIACH —2, & CYMMa BCEX BBIUYHUCIEHHBIX MPOW3BEICHUI YUCET B CTOIONAX
pasasitach 07
Pewenue. Paccmorpum mapbl KJIETOK TaOJUNBI B KayKJIOM PsIy, IJe B KazKIyIO
napy BOIIeT KJIeTKa ¢ HeYeTHBIM M YeTHBIM HOMepOM. BBIMTpbINiHAsg cTpaTerus
2Kenn — mpegocraButh Carre BO3MOYKHOCTD CJIeJIaTh HEPBBI X0/ B KaKIyIO Ta-
Kyto mapy. Ilycts Camia 3anonaut oauy (100ywo0) u3 AByX KiaeTok. B orser ZKene
HY?KHO 3aII0JIHUTh BTOPYIO KJIETKY Iaphl 110 CJeAyIoinemMy npasuiy. B nepsoii ma-
pe BepxHeit cTpoku 7KeHe ciie/lyeT MOCTABUTH TAKOE YK€ UUCJI0, KAKOE MOCTABUT
Cama. B npuseaenHoit Huzke Tabsmie 310 yka3aHo kak napa |y|y|. Bo scex mapax
BepXHeil CTPOKM, KpoMe TepBoii, zKeHe cieyer HAINCATH YHCJIO, TPOTHBOMOIOK-
Hoe moctapiaennoMy Carreit. B mpuBeennoit Huzke TabinIe 370 YKa3aHo KaK mapa
|z| —x|. B nuzkHeli ¢Tpoke napbl 3a10/IHIOTC HA00OPOT - epBas napa 10CJIe 3a101-
HEHMsl JOJKHA COJEPZKATH JBa MPOTHBONOIOKHDBIX YUCIA || — X|, BCe OCTaIbHbIE
napbl, KpoMe MepPBOi, JOJIZKHBI COJAEPKATh OJuHAaKOBbie uucia |y|y|. Ouesuno,
2Kens Bcerjja cMOXKeT c/ieslaTh HYKHBIN X011 B KaxK1oil nape. [locste paccranoBku
—1 u 1 B COOTBETCTBHU C 3TOI cTpaTerueil B KaxKI0i CTPOKe OKaxKeTcd HeUdeTHOe
YUC/I0 MUHYC €JMHUIL, TPOU3BeIeHne duces B crpoke Oyaer pasuo —1. Cymma mnpo-
u3BejieHuil B cTpokax Oyzer pasHa —2. B coceqnux He4eTHOM U 4eTHOM CTOJIOIAX
MPOM3BEIEHUST YUCET OKAYKYTCS TTPOTUBOTIOIOKHBIMA, U CYMMa, 3TUX [TPOU3BE e HHIT
OyJeT HyJIeBOIi.

vyl y |z|—z|lz|—2|... |¢|—2|2|—2
T2y Y 1Yyl Yy |---1¥Yl Y l|lYylYy

Omeem. Moxer.
2. U3sBectHo, 9T0 0 < b < c. JlokazKkuTe, 9T0 ypaBHEHNE
37 —2(a+b+c)x +ab+bc+ac=0

UMeeT JIBA Pa3IUUHBIX KOPDHA X1 B To, TpuueM a < 1 < b, b < x5 < c.
Pewenue. Pacemorpum dynkmuio f(x) = 322 — 2(a + b + ¢)x + ab + be + ac n
[OJICTABUM B Hee M0 OvYepe/in 3HAYeHus ¥ = a, £ = b, x = c.

fla) =3a* = 2(a+ b+ c)a+ab+be +ac = a® — ab — ac+be = (a — b)(a — ¢)

C y4eroMm HepaBeHCTBa, JaHHOIO B yciaosuu, f(a) > 0.
Ananoruano,

F(b) =30 —2(a+ b+ c)b+ ab+ be + ac = b* — ab— be+ac = (b— a)(b — c)

8



f(b) <O.
fle)=3c—2(a+b+c)c+ab+bc+ac=c*—ac—bc+ab=(c—a)(c—0)
f(e) > 0.

Tak Kak kBajpaTudHasg (pYHKIUS TPUHUMAET 3HAUEHUs] PA3HBIX 3HAKOB B TOUKAX
a 1 b, TO MEXKIY STUMH TOUKAMHU (DYHKIHSA UMEET KOpPeHb. AHATOTHYHO OHA HMeeT
KOPEHb, PACIOJIOKEHHbIH MexK1y Toukamu b u ¢. Tak Kak paccMarpuBaemMoe ypas-
HEHMe - KBaJpaTHOe, TO OHO He MOXKeT MMeTh 0oJiee JBYX KOPHei. Y TBepK/IeHue
JIOKa3aHO.

Jlobasaenue. YpaBHeHue myTeM IPpyHIAPOBKU CPa3y MOKET ObITh CBEPHYTO K BHLY

(x—a)(x=b)+(x—=Db)(x—c)+(xr—a)(xr—c)=0

[TogcranoBka © = a, x = b, © = ¢ B 9T0 BBIpaKeHHEe Cpa3y IPUBOJUT K IIOJIYIEH-
HBIM paHee TPOU3BeIeHUsIM.

. JIBe mpsimbie [y u lo, yrOT MEXK/Iy KOTOPBIMHI PABEH (v, CJIYKAT OOIMUME BHY TPEHHU-
MH KaCaTeJTbHBIMI K OKPYZKHOCTSIM paauycoB Ry n Ry. K oKpyzKHOCTSIM IIpoBeieHa
00ITasl BHEIIHAS KacaTe/IbHas, epecekaolasa npaMeie [; u lp B Toukax A u B co-
orBercrBeHHO. Haidijure jymmny orpeska AB.

Pewenue.

2

O6o3HaueHust MOKa3aHbl HA PUCYHKe. BHeniHssi KacarejbHas — 310 nupsamas AB.
Jnmuny orpeska AB obozuauum a. [Tycts oTpesku KacaTebHbIX, TPOBEIEHHBIX U3
Toyek A u B, COOTBETCTBEHHO PaBHBI T W Y. Y YUTHIBas JaHHBIE 3aa9H, HAXOIUM
JUIHHBI OTPE3KOB BHYTPEHHUX KAaCAaTeTbHBIX, MIPOBEIEHHBIX U3 TOUYKH UX Iepecede-
ung C. CF = CP = Ryctg 5, CF = CQ = Ryctg 5. Orpeskn kacarenbubix AQ
u AB, npoBeJIeHHBIX KO BTOPOIl OKPYKHOCTH U3 TOUYKH A, paBHBI MexK/y CODOii.
Taxxke paBubl orpe3ku BP u BK. 910 npuBouT K cucTeMe JABYX ypaBHEHUit

r+ Rictg S+ Ractg S =a+y,
y+ Ryctg s + Roctg g =a+ .

13 ypasrenuii cienyer, 4ro & = ¥, 3Ha4nr, a = (Ry + Ry)ctg 5.
Omesem. (R + Ry) ctg §



4. JloKazKuTe paBeHCTBO
2018-1+2017-2+2016-3...+ (2019 —k) - k+ ...+ 1-2018 =

2019 - 2018 2018 -2017 2017 -2016 n-(n—l) 2-1
= 5 + 5 + 5 +...+T+...+—

Pewenue.
2018-14+2017-2+2016-3... 4+ (2019 — k) -k+...+1-2018 =

= 2018 4+ 2017 4+ 2017 4 2016 + 2016 + 2016 + ... +

+ (2019 — k) + (2019 — k) + ...+ (2019 — k) + ...+ 1+ 1+ ...+ 1=

N J/

k,;r% 2018 pa3
= (201842017 +2016+...+ 1)+ (201742016 +...+1) + (20164 ...+ 1) +... +
(2019 —k)+...+1)+...+1=
Kaxknast cymma B ckOOKax siBJIsSIeTCsi CyMMO# apudMeTndeckoil mporpeccun

5018 + 1 2017 -+ 1 2016 -+ 1
:&'2018+%-2017+%~2016+...

2010 — k) + 1 941

( )+ -(2019—k)+...+%-2+1:

20193018 2018 -2017 2017 - 2016 n-(n—1) 3.2 2.1
e e S N e RN SR

Bajjaua uMeeT HArJISIHYI0 WLIIOCTpanuio. Pa3/ioxkuM B CTONKHA MOHETHI B TAKOM
nopsjke: B nepBbiit psa nonoxkum 2018 moneT, Bo BTOpoit psj mostoxkum 2017 cTo-
MOK TI0 JIB€ MOHETHI, B TpeTuit psi nosoxuM 2016 cTOmoK mo Tpu MOHETHI, B k-ii
psz nostozkuM (2019 — k) cronok mo k MoHer, mocJejHel OygeT MoI0KEeHa OJHA
cronka n3 2018 moner. Ha pucynke Takas pack/ajkKa MOKa3zaHa g TMSITH PSIOB.
CyMMa B JIeBOI 9aCTH PABEHCTBA — 9TO KOJUYECTBO BCEX MOHET, IOCYUTAHHOE 110
psijlaM B TOM HOPsIJIKe, KAK Mbl PACK/IabiBa i MOHeThl. CyMMa B PABOW 9aCTH J10-
Ka3bIBAEMOT'O PABEHCTBA — 3TO CyMMa BCEX MOHET, TOCYNTAHHAS 110 TapaJLIeTbHbIM
paaaM, UAYIIIM BIOJb JIPYTOil CTOPOHBI MOy IUBIIEr0oCs TPeyroJbHUKA.

c =
-

5. Basumn jecdarb nojpsiji MYIIUX HATYPAJIbHBIX 4YKCe, 00JIbIUX 1, MepeMHOKUJIN
X, HalllJIn BCE IIPOCThIE ACJUTEJIN IMOJIYIYEHHOI'O YUCJ/Ia U MEePEMHOXKHUJIA 3TU TIPO-
crble Jeuresn (B3gB KazK/blii POBHO 110 OJHOMY pa3sy). Kakoe HanMeHbIIee 9uc/aio
Morio nostyuauTheda? [loiHOCThIO 000CHYITE CBOiT OTBET.

Pewenue. JlokazxkeMm, 9TO cpeid JeCATH MOAPS/L WYX YUCET 00sA3aTeTbHO Hall-
JIETCsl 9UCJI0, KOTOPOe MMeeT IPOCTOH Jjieiuresib, OTjindHblii or 2, 3, 5, 7. ITocun-
CTaeM, CKOJIbKO 9uCeJI U3 JAeCATH UAYIIUX IMOAPAL MO2KET UMETh YKa3aHHbI€ Y€ThIDE
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nenurend. VI3 mecaTn dmces pOBHO IMATH JIEJSTCS HA 2, IPH 3TOM He MeHee OJHOTO
U3 9TUX [ATH 9HCe] Jeaurces Ha 3. (Imom gakm 6 pabome moocro ne doKasoi-
8aMb, MeM HE MEHEE HANOMHUM 00HO U3 B03MOACHULT dokadameavemes. Ocmamku
om deaenus na 6 weecmu nodpad udyuux wuces cocmasaatom nabop om 0 do 5,
m.e. watidemes wucao, umerouwee ocmamrom 0, Komopoe deaumes u Ha 2, u na 3.)
Jlasee, paccMaTpuBaeMblii HADOP U3 AECSITH YHCET COAEPXKHUT He MeHee TpeX W He
OoJiee deTbIPEX YuCe/I, KOTOpbIe jestcd Ha 3. Ecjim rakux 4duces Tpu, He MeHee
OJIHOI'O 9THUX TpeX AeJIUTCA Ha 2, 1 OHO y2Ke y4YTCEHO paHee. ECHI/I TAKUX YUCEJI 49e-
THIpe, TO oHU uMeroT Buz 3k, 3k + 3, 3k + 6, 3k + 9. B 3aBucuMocT 0T 9€THOCTH
k, nnn 3k, 3k + 6, wnu 3k + 3, 3k + 9 nengarca ma 2. Takum oOpaszoM, mpu pac-
CMOTPEHHH UUCEN, TeIIIIIXCA Ha 3, Mbl MOKeM T00ABUTH K IIATH Y€THBIM UHCIAM
He 0oJee IBYX HOBBIX. /lecaTh MOApSI WAYIIHX YHCET COIepPKAT POBHO JIBA UHCIIA,
KOTOpbIE JIEJIATCS Ha D, M3 HUX POBHO OJHO YETHOE U paccMOTpeHo panee. [Tosromy
JIeIMMOCTH Ha b jgo0aBiisier He DoJiee OJHOIO YHCJIa K CEMH Y7Ke YITEHHBIM PaHee.
Cpenu ecaTu MOApsT HAYIIHX 9uce He 0oJiee ABYX JIeJITCd Ha 7, OJHO U3 YTHX
quces — YeTHoe, U yzKe yureHo. /lemuMocTts Ha 7 mobaBisger He Gosee 1 dmcia K
yzKe YITeHHBIM BOCHMH. Takumm 0Opa3oM, Cpeau IeCATH MOAPSI HIYIUX YHCET
He OoJiee JIeBSTH, UMEIONUX XOTs Obl OJuH U3 jejuresneit 2, 3, 5, 7, T.e. Haiijaer-
Cs1 9HCJI0, UMeIoInee OOJIBINUNA MPOCTOM JeINTe b, U He JIeJIAIIeecs HU Ha OJWH U3
MEePBBLIX YEeThIpEeX TPOCTHIX YUCEJI. BHaFII/IT7 B MTPOU3BEJACHUN JECATH YHUCEJT BCTPE-
TUTCS XOTd OBbI OJUH JIeJIUTEb, OTJIHYHBINA OT 2, 3, 5, 7, HO3TOMY IIPOU3BEJIeHUE
BCEX MPOCTHIX AeuTeseit Oyaer 6ombine 210. Hanmenbiiee BO3MOXKHOE TPOU3BE/Ie-
Hue 2-3-5-7-11 = 2310.

Omeem. 2310.
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MysununaabHbIil 3Tan Becepoccniickoii otuMmaabl M0 MaTEMATUKE
2018-2019 yu.ron
11 xnacc
Pemenns n orseTn

1. Cymma ceMu pa3/IUIHBIX HATYpPAJbHBIX YHCeN paBHa 2n. BepHo jin, 910 00g93aTe /b
HO HAfyTCs TPH YHC/IA CPEAU STUX CEMHU YUCEI, CYyMMa KOTOPbIX OoJibiie n?
Pewenue. Jlocrarouno npusectu KoHTprupumep. OauH u3 BO3MOXKHBIX: . = 50,
cemb umcen 11,12,13,14,15,16,19. Cymma Bcex cemn umcen pasaa 100. Cymma
15+ 16 4+ 19 = 50. Tak Kak 3Tu TpU YHUCIA - HAUOOJBIINE CPEIN CeMU, TO Jbast
cyMMa TpeX 4ucesl He MpeBocXoauT 50.

Zonoanerue. I mocTpoeHnst KOHTpIpuMepa Oepercs apudMeTnIecKas Iporpec-
CHSI CeMU YUCeJI C PA3HOCTHIO 1, Takast, 4TO €e CyMMa SIBJISIeTCS MaKCUMAJIbHO BO3-
MOKHOiT 13 MeHbIux 2n. [locsreiHee 9uc/10 9T0i Mporpeccun 3aMeHsieTCst Ha 9uCI0,
JIONOJTHSIONIEE CYMMY JI0 21, DTOT aJropuT™M paboTaeT JJid TaKUX HATYpPaIbHBIX
n, k (k-mepBblii 4ieH mporpeccuu), KOTOpble MOTYT OBITh CBSI3aHBI yPaBHEHHEM
n = 4k + 6. B npuBenenrnom kouTprupumepe n = 50,k = 11.

Omeem. He obsizaresbno. CyimecTByer KOHTPIPUMED.

2. HaiimuTe Bce MOJOXKUTETbHBIE PENIEHAS YpAaBHEHUS

ZL'lOl + 10099 — 1'99 + 100101

He 3abyapre obocHOBaTH CBOI OTBET.
Pewenue. YpaBuenue mpuBOJUTCS K BUILY

2% (z* — 1) = 100%(100* — 1)

OueBuino, pemenuem sipiasiercss © = 100. [Ipu 0 < x < 1 jeBag gactb orpuna-
TeJIbHA, & MpaBasl 9acTh MOJIOKUTE/IbHA, pemennit Het. [lpu x > 1 jeBas gacth
— BO3pacraromas QYHKIUs, TOITOMY HEOOXOUMOe 3HAaYeHUEe TPUHUMAET He DoJiee
OJIHOTO pa3a. 3HAYUT, Apyrux KopHeit Het. Omeem. 100.

3. Jlana rpanenuss ABCD ¢ 6oabmum ocaoBanuem AD. Touka O — cepepuna cpeji-
weit unun rpanenun. Toukn K, L, M, N — obpassl sepumn A, B, C, D upu nen-
TpagbHOil cumMmerpun orHocuTeabHO Touku O. Ilpsmbie KM u N L mepecekaror
cropousl C'D u AB B Toukax P u () coorBercTBeHHO. /l0KazKuTe, YTO KazKIblii U3
orpeskos CM, BL, AP, D() neauT mJIOIIAL TPAIEIUNA MTOIOJIAM.

Pewenue.

Bcee obosnauenust mokasaubl Ha pucyHke. llycrs pinmna wukHEero ocHoBanuss AD
paBHa a, Bepxuero ocHopanusg BC' paBHa b. Tak kak Touka O 10 YCIOBUIO PACIOJIO-
JKeHa Ha PABHOM PACCTOSHUU OT MapaJlIeTbHBIX MPAMBIX, COAEePAKAIIIX OCHOBAHUS
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TpameIun, TO IPpU CAMMETPHH OTHOCHTEIBHO 9T0ii Touku npsmbie AD u BC nepe-
XOJAT APYT B ApyTa.

Tax kak Touka O — cepeanHa cpejHell JWHUU, W CPEIHASA JIMHUS TPAIEIHH CO-
JIepKUT B cebe cpenHion JuHnio Tpeyroibanka C'M D (napaJieabHyo OCHOBAHIIO

MD), 1o MD = 210

HoJIydaeM, ITo MJI0ma b Tpeyroabauka C'M D paBHa MOJTOBUHE TLIOMIAIN Tpare-
mun. PaccyKmeHns oTHOCUTETHHO Tpeyroabuuka ABL mpoBoAgTCsS aHATIOTTIHO.
Tak kak Touka A npu cummerpun nepexout B K, M nepexoaur B C', T0 0TPe30K
AM nuepexonur B orpe3ok C'K, 3nauntr, ACKM — mapaJjuesorpamm, u mpsiMbie
AC n KM napamienbusl. [Tosromy ACPM — rpanenus. [lycts auaronanu 31oii
rpanenun AP u C'M nepecekarorcs B Touke F'. Kak u3BecTHO, B 11000i Tpamenun
IJTONIA/IN JIBYX TPEYroJIbHUKOB, 0OPA30BAHHBIX JTUATOHAIIME U OOKOBBIMHU CTOPO-
HaMu, paBHbl. B Hamiem ciiydae paBHbl 1wiomasu Tpeyrojbaukos AMF u CPF.
Orcroma nostydaem, 4ro momau TpyroabaukoB APD u C'M D paBHbI MeXKLy CO-
6oit. Yike 10Ka3aHO, 9TO TI0MA, I h Tpeyroabanka C'M D paBHa M0JIOBUHE IO TH
Tpalenuu, H03TOMY ILJIONAIb Tpeyroabuuka AP D TakKe paBHA MOJOBHHE ILIOMIA-
JIA TPAIEIUH, 9TO TpeOOBAIOCh. Paccykienus npo TpeyroibHuK AQ) D npoBogaaTcs
AHAJIOTUIHO.

, T.e. 3TOT OTPE30K paBen cpejueil Tpanenun. OTcioa cpasy

4. MuoroueH ¢ neasiMu Kodddunuentamu npuauMaet 3Hadenne 2018 posuo B 2018
MeJIBIX TOYKaX. /loKazKuTe, 9TO MHOTOUJIEH He MOYKET UMEeTh IeJible KOPHH.
Pewenue. Iycrb P(z) — naunbiit muorousen, rorga P(z) —2018 umeer 2018 uesibix
pas/IMYHbIX KOpHeil. B aTom ciiyudae cripaBeijinBo mpejicraBjienue

P(x) —2018 = (x —x1) - (x —xg) - (x — @3) ... - (x — x2018) - Q(7)

rae Q(x) — muorownen ¢ neasivmu Kodddunuentamu. Ito o3uadaet, 9to P(x) MoxK-
HO TPEJICTABUTH KaK

Plx)=(z—x1) - (r—x2) - (x —x3) ... (T — x2018) - Q(x) + 2018
[Tpn moacraHoBKe J1000OTO IEJIOTO YHUCIA T, OTJIUIHOTO OT T, T, T3, - .., L2018,
KasKJIblli MHOYKHTENb B TipousBegenun (xg — x1) - (ro — x2) - (xg — x3) - ... - (T —

Tan1s) - Q (o) okazxercs neabim, He paBabiM (. IIpu sTOM Bee MmuOKHUTETH (L) — T) )
passinunbl. [ToaroMy HaitjlyTcs Tpu MHOXKUTEJIS, 110 MOJLYJIIO He Menblinue 2, 3, 1009,
a OCTaJIbHbIE MHOXKHMTEJU He MeHbie 1. 3naunt, npoussegenue (rg — 1) - (X9 —
T) - (o —x3) ... (o — T2018) - Q(x0) Mo Momy.r0 ipeBocxoauT 2018 u P(x) mesnbix
KOpHEl He mMeeT.

5. JlokaxkuTte, 4TO M1 JTIOO0OTO HATYPAJTBHOTO YUCTA @, BCE MPOCTBIE JETUTETN KOTO-
pOTO He MeHbIe 7, Hali/leTcsd TaKoe HATYPAJIbHOe YHCJIO 1M, 9TO IPOU3BeIeHne am
OyIeT IHCIOM, JECATUIHAA 3aIMUCh KOTOPOrO COCTOUT TOJBKO U3 €TUHUIIL.
Pewenue. Ilycrb a — 1ucjio, Bce HpocTbie JeJUTe M KOTOPOI'O OTJIMYHbL OT 2, 3, 5.

Yucno — PackiajapiBaeTcs B MEPUOJIUIECKYIO JECATUIHYIO JIPOOb C MEPHOIOM N.
a

DT0 03HaYAET, UTO

1
—:O,boblbg...bnblbg...bn...
a

311ech by - HEEPHOAMIECKOe HATAJIO JeCITUIHON 3aMUCh. Y MHOXKUM JIEBYIO U TIpa-
BYIO 4acThb 3T0ro pasexcrsa Ha 10%, momobpas k Tak, 4T00bI mOC/IE 3aIsTOM Cpasy

13



IIeJ1 TePUOJL JAeCATUIHON 1pobu. (by - 1esas 4acTh MOy UUBIIErOCs TUCIIA. )

1k
—O = by, biby...b,b1by. .. b, ...
a

[lepenumem Tak
10k — bo - a
a

=0,01by...b,0102...0,, ...

[ToBTOpPUM JeiicTBUSA, KOTOpble TPUMEHSIOTCS TIPU MepeBoJie TePUoINnIecKoil 1ecs-
TUYHOM JIpoOKM B OOBIKHOBEHHYIO. Y MHOYKUM JIEBYIO U LIPABYIO YaCTU PABEHCTBA HA
10™. i
107 — bo - a
e e |
a

0" =biby... by, b1by .. . byb1by. .. D,y . ..

(3aecw bibs ... b, — Tpagunmonnasi GpopMa 3anKUCH HATYPAIBHOIO YHCIA, 00Pa30-
BauHoro mudpamu by, bs, ... by,.)

10% — by - -
Toalon:blbgbn—‘—o,blbgbnblbgbn
10k—b0-a
Bamenum 0, b1by ... b,b1by. .. b, ... Ha —
10% — by - - 10F—by-
R T R ey e A L
a a

10k—b0'CL
a
(10" — by -a)999...9="biby...b,-a

N AeBATOK

(10" —bg-a)-9-111...1="byby...b, -a

N eIMHUIL

(9-10" =9-bg-a)-111...1 =byby...b,-a

N eIUHAILL

(10" — 1) = byby ... by

CrpaBa CTOUT IHeJI0e YMC/I0, KOTOpoe AeanTes Ha a. Muoxurens (9-10F —9-by - a)
B3aUMHO IIPOCT ¢ a. /leficTBUTE/IbHO, e/l OBl 9TOT MHOXKHUTEJIb UMeJI XOTsI ObI OJTIHH
obIuit mpocToit geiuTens ¢ a, To 9 - 10% nemmnoch 6bI HA STOT HPOCTOH JeUTEb.
Ho 9 - 10* umeer mpocTsle JeuTenn TONIbLKO 2, 3, 5, a a He IMeeT 3TUX JeIuTeei.
Buauut, Bropoit Mmuoxkuresb 111...1 gejmmres Ha a, T.€. CymECTBYeT TAKOE 1M, 9TO

MpOu3BeIeHNe am OyAeT YNCIOM, JeCATHIHAs 3aINCh KOTOPOT'O COCTOUT TOJIHKO U3
€ TUHAII.
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